The paper presents a stochastic method of optimization of a curriculum based on 3 ne\k of the education process, where sequential teaching may cause non-sequential learning.
Introduction
A person's knowledge grows as a result of his learning experiences. Some of these experiences are carefully structured. But there are many sources of such experiences. In formal education, teachers and books are the most common source. A problem common to many learning situations with diverse sources concerns the allocation of time. Relatively little is known about good ways to do that, despite its practical and theoretical importance.
Our primary object of inquiry is a randomly chosen student S who exposes himself to various learning experiences in order to make discoveries, thus adding to his knowledge. We call the elementary discoveries he makes for himself 'enlightenments'. These may be known to everyone else, but it is an increment of knowledge to him.
To formulate a tractable problem, we consider a one-semester course with many sections, each taught by another instructor. We assume that the syllabus is given and organized into n topics, 7', , . . . , Tn. Each instuctor is expected to spend fI hours on topic q, so that the total number of hours is K. We ask what t = (r,, f, .-. . I,) should be so that fi >O, i = I, . . . . n, Cy_ , I, = A' and performance on a final examinanion is maximum.
'She model to hc analysed assumes that:
(I) the process of acquiring knowledge is stochastic;
(2) students differ in their abilities; (3) teachers differ in their talents;
(4) performance of the final exam accurately reflects how much knowledge has been acquired. The purpose of this analysis is to conceptualize this kind of learning process and to use a computer simulation to determine an optimal strategy in some situations.
Assumptions of thu model
WC ;bwmc that lopi T,, K, . . . , T,, are taught in the order listed. The knowledge of the student at time t is represented by the state vector X(f) = (x,(f) , . ..$C ,, y (f 1). (I) where .K, (r) is the number of enlightenments in topic Ti that occurred prior to time 1.
It will be assumed that x(f) is a Markov process, with elementary transitions consisling of an increase of one of the coordinates by I. The initial state is S(t)= ((~...s(l).
h describe the transition intensities, suppose that at time f the state of the process i% K ( The last row in formula (2) implies th< cnlighzenments may concern only the topic actually taught, or topics that were taught previously, but not the topics in the future parts of the course. Symbols s and * *r stand, respectively, for the student% ability and the teacher's talent.
Thus, furmula (2) asserts that the ability s of the student and talent E of the leacher are (a) representabk as a single numhr, independent of the topic, and (b) enter in a mu!tiplicslGve fashion.
As regards (a), it would be perhaps more appropriate to represent the ability of the student as a vector (S Ir . . . J,,), with Si being his predisposition to the ith topic (and similarly for the teacher's talent). However, one may hope that a representation as a single number (somewhat akin to Thurstone"s mental capacities, such as spatial aptitude, for example) does not constitute too severe a restriction.
On the other hand, part (b) is not really binding: as long as one is willing to accept rhal a more talented student, or a student taught by a more talented teacher, will have a higher rate of enlightenments. the multiplicativity may always be ,jttained try appropriate scaling. That is to say, if (other conditions being equal) student .-\ has twice as high enlightenments rate as student B, one can assigu to him ability s,,, equal 2~~.
It remains to specify the functions A&) and /r,&). The first of them is defined as
The interpretation of these formulas, and the meanings of symbolls used, XC :I% follows. Formula (3) asserts that the rate of increase of _\'A(I') is proportiol~al to the product [ak +. _\'r,(l) ], which implies that growth is roughly logistic. Cth Nk being the maximal possible number of enlightenments in topic T,. Here CI; ib some constant that makes it possible for the process of ttnlightenments in topic T, to start.
Nest, y ami 1~ nre scaling constants, while DA is a measure of difficulty of topic Tk, so that the rate of enlightenments is lower for more difficult topics.
Finally, the factor e MI law the followinp role. The sum Q given by (4) retlect~ p _ the overall level of knowkige about topics r,, . . . , T4 I acquired pre\ iou+. Gth differences .\;(t) -:Yt II))2 being positive or negative, depending on 14 het her mtw than half of possible enlightenments in topic r, occurred or not. Thus. Q i\ ;I weighted sum of acquisition levels of previous topics, where the weight c$ retlezt~ how helpful a good knowledge of topic T& is in speeding up the rate of enli~htcn-ments !n topic Tk (or alternaGvely, how much the lack of knowledge of wpiz 7: impairs the rate of enlightenments in topic T,). Consequently. wiyhts c*., retkzt the internal swucfure of the domain taught.
To see the effects of tnis assumption, observe that the growth of s(r). .\t the time when topic Tk is taught, is again approsimately logistic. impaired or enhmced by \he level of difficulty Dt of topic T, , and acquisition level .Y; (I)-S, 2 of wpiz taught. Here again, ,o is a scaling factor, while 6" _' reflw:t~ l nwwwy loss.'. &pen-ding on the number of topics q taught between K and Ti.
The choice of exponential factors in formulas (3) md (9 is admitted;il> arbitrw . If h is small enough, the last factor in (5) may be written as 1+ ki [.\-i(r) -5, 21. which illustrates how the 'excess' or 'defficiency' in knowledge of thz kth topic. u measured by sk (t) -& /2, enhances or inhibits the rate of enlightenments, yet preserves the crucial condition that the rate must be non-negatiw.
As regards the student's abilities and the teacher's talents, one has 90 assum that they vary according to some probability law. l\lany &kxs an-possible here: 
where a and r are the scale and shape psrameters (possibly different for students and teachers). Consequently, the mean ability (talent) is r/a and the variance is r/b'. This is not a very restrictive assumption, as long as one is willing to accept that each of the above talent distributions is unimodal: the family of gamma distributions is sufficiently rich to provide a reasonable approximation to many 'plausible' unimodal distributions. In particular, by choosing a and r one can set the mean and ith< coefficient of variation I/P"' aa any desired values.
.
Final exam
The total knowledge acquired by the student at the end of the course is the criterion to !E maximized by the choice of the decision variable t = (tl, . . ", I,). This tota! knowledge is represented by x(K) = (x1 (K ), . . . , x#)),
where K = C:; I ti is the r;ot,al number of hours spent on all topics.
To form&ate a criterion to be optimized by the choice of t, we may proceed as ~follows.
The knowledge x(K) acquired by a student is a random entity, with distribution depending on the decision variable t; it also depends on the student's ability s, and ran the talent z of the teacher. Thus, we may write
Typically, the vector (k,, . . . , k,) is not observable. Instead, one may,observe the !;core 5 on the final exam, which may be regarded as a random variable, whose distiribution is monotonic with respect to x = (k,, . . . . . k,), in the sense that
is an increasing function of each of the argu.ments kl, . . . , k,.
We have therefore the expected final score for a student, with ability s taught by a teacher wifh talent Z: The problem may now be formulated as foUows:
.Find tl, t2, . . . , t,,, subject to constraints 
Analysis
TWO entities that are crucial here are the distribution (7) of the final attained knowledge, and the expected score (8) on the exam, given the final knowledge. The latter quantity, incidentally, may depend on the student's ability s, if the exam requires not only knowledge, but also some creativity in applying it.
As regards (S), it is relatively easy to postulate a reasonable form of the relation between the expected final score on the exam, and the knowledge of particular topics. The exam typically has a number of problems, each concerning one or more topics, and the probability of a correct answer may be postulated to be some simple function (e.g. logistic) of the number of enlightenments in the relevant topics.
As regards (7), the explicit solutions do not appear easily obtainable; however, one can easily simulate the process of knowledge acquisition directly from the hypotheses of the model, thus obtaining empirical access to distribution (7) or to criterion (11). The simulation algorithm is based on the following theorems.
Theorem 1. Let t be such that
SO that topic Tk is taught at t. Suppose that the state of knowledge of the student at t is x(t) = (x!(t), . . . ,xk(t),O, . . . , 0). Then the probability that next enlightenments occurs before time r such that t 5 r c t, + l -• + t, equals
and with probability
there will be no enlightenments occurring while topic Tk is :arrght, where
Theorem 2. If an enlightenment occurs while topic Tk is taught, it concerns topic
Tk with probabihty
ar!d it COWC-~~ a previously tuught topic T, with probability
Proof. Let P(7) = P( 7; t, x) be the probability of no change of state x bet ween t and 7. Then for h such that rct+h<t,+-+tk we have
by assumption (2). DiGding both sides by h, and letting h 10, we obtain
which yields assertions (13) and (14). To prove Theorem 2, observe that if a tr Gtion occurs, then the probabilities of various types of transitions are given : 7 the rfzlative contributions to V(x) from intensities &(x) and pik(x).
6, kcussion
Despite the importance of the problem, there is so far no research on optimality of the time allocation for curriculum structuring. However, certain aspects of such research have been investigated, and one can find in the literature several relevant papers. For example, there were attempts at mathematical modeling of student testing for instructional purposes; for example, in Pinsky (1970) , psychometric rncthods were applied for instructional improvement, and for selection of test items (includirug a selectian algorithm), used for estimation of the desired parameters.
The present discussion will concern, first of all, the assumptions underlying the mode! and their plausibility, and secondly, the problems of estimation of the parameters needed as input data in the simulation program aimed at optimizing the allocation of teaching times.
The main assumption that the accumulation of enlightenments can be counted requires some explanation, as does the assumpGon that learning takes place primarily in this way.
In practice, many high-level geometry stuciznts make no discoveries of their own at aCI, but merely memorize enough of what e$ey think will be on the exam to pass it l Our use of 'learning' in this paper is restricted, so as to exclude this. A student who learns in our sense might discover, or come to see why, the theorem of Pythagoras is useful, important or true, or how to construct a line whose length is the square mot of a given line. When we count the enlightenments by giving the same weights to (re)discovering the Pythagorean theorem and to the fact that 3, 4 and 5 are lengths of the sides of a right-angle triangle is a distortion, for the former is of much greater importance than the latter.
hf. Nowukowska er al . ,i Time allotaliorl 31 In fact, however, one may interpret the notion of an enIig~~tenment in two ways. One is to regard an enlightenment as an assimilation of a piece of knowledge (e.g. memorizing the theorem of Pythagoras), without grasping the possible relationships with other pieces of knowledge. In this case, s,(t) could perhaps be operrttionali7ed, through listing all pieces of information deemed relevant, and checking how many of them are known to the student at the time of taking the exam.
It is possible, however, to view the concept of enlightenment differently. The starting point here is the fact that students do not accumulate pieces of knowledge one at a time, but assimilate them into knowledge structures that make our minds prepared to accept them; at the same time, these assimilations enrich these knowledge structures and change their preparedness for new potential pieces of knowledge. Accordingly', we may view enlightenments as instances of grasping some previously not realized relationships between two distinct pieces of knowledge. Losing a simple example, the enlightenments would be not mere learning of the theorem of Pythagoras, and of the fact that the triangle with sides 3, 4 and 5 is a right-angled one, but the realization that these two facts are closely related.
In this interpretation, the number x#) of enlightenments is not easily observable; it may, however, be postulated that it is monotonically related to the expected score on the exam.
In our model, the intention was to frame the assumptions so as to cover the second interpretation. This is closely related to our assumption that the process of c:cumulation of enlightenments is a Markov process, with only 'upward' transitions possible.
As regards the second of these assumptions, it means that once an entightenmcbnt occurs, it is never forgotten. This is, of course, an idealization of reality: the students often forget the material they learned. However, while it may be easy to forget an isolated piece of knowledge, forgetting something that resulted fron; A sudden instance of understanding is much less likely. Consequently, if one accepts the second of the above interpretations of enlightenments, then the assumption ttrax they are irreversible may not be very much far-fetched.
The Markovian character of the process of enlightenments implies i hat the probs.-bility of the next enlightenment is independent of the time that elapsed from the la!,; enlightenment. This neglects the effects of loss of zeal in studying due to discouragement, etc. However, the fact that Markov process is 'memoryless' (in the sense t ha given the present, the past values have no influence on probabilities of events in the future) does not imply that the model assumes lack of memory of student. In f~l., the specific assumptions about the enlightenment rates describe in some sense rhc student's memory and its role in learning, including some features of forgetting (through making enlightenments in temporally distant topics gradually less into;-tant for new enlightenments). Now, the specific assumptions concern the functional form of the enlightenment rates, given the topic that is actually taught and the student's knowledge of currt-nt and previous topics.
X!
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Basically, these rates imply a logistic growth in each topic, modified by the state of knowledge of other topics. These assumptions do not appear directly testable. #-Iowcvet, the general logistic character may be defended on intuitive ground: at the be,ginning, the knowledge 'builds on itself ' in a more or less exponential fashion, as one grasps various easily accessible relationships. At later stages the growth rate de&nes, as one is required to grasp less immediate relationships.
There is probably little doubt that the state of knowledge of other topics may have an enhancing or inhibiting effect on enlightenment rates. Whether or not the modifying factor is indeed of the exponential form postulated in the model is an open quesision, and it is not clear whether the assumption is empirically testable. However, the functional form of enlightenment rates appears sufficiently flexible to approximate intuitively acceptable alternative functions.
A question that requires careful consideration here is as follows. At present, it is assumed that the state of knowledge of a given topic intervenes through the term x,(l) -Ni/2-Thus, if less than one-half of all possible enlightenments occurred in a topic, we have xi(t)< Nj/2, and the term is negative, having therefore an inhibiting effect on the rates of enlightenments. If more than half possible enlightenments occurred, xi(t) -Nil2 is positive, and has therefore an enhancing effect. While it is reasonable to postulate an effect of such a form, there is little justification for selecting NJ2 as the critical threshold. It is quite possible that these thresholds vary from topic to topic, and their choice should be made after analysing the subject I2Wpht.
Eslimalion
IO use *he simulation program, one needs to have estimates of certain parameters. First, the maximal possible numbers off enlightenments in various topics can be determined from the subject-matter analysis: as an approximation of Ni, one mzv count the number of items on a list of all possible ideas that one can expect the top students to know and understand.
An experienced instructor could also provide assessments of the relative difficulty levels Di of topics. These (as well as the coefficients cik) may be scaled arbitrarily, since it is' only their ratios that matter (the ma@udes become absorbed by scaling factors).
As regards coefficients cik, they again may be assessed by experienced instructori;;. Roughly, Cik may be measured by the number of items on a list of instances whitn some facts about the ith topic are recalled or used in teaching the kth topic.
As regards difficulties of topics, one could also try an empirical approach in the follo$ving way. Suppose we devise tests covering various topics in the course.
Assume that a test for the kth topic contains Rk (binary, say) items, and the score of a student is the number of items that he answers correctly (one could, of course, modtfv this approach by considering partial scores, etc.). The data have the form of a matrix [;;ikJ, where zik is the score of the Q'th student on the kth test (i.e. concernirng the kth topic). This matrix allows us then to gain some insight into the relative difficulties of topics by analysing the average scores in various topics (averaging over the students). However, such data may serve at best only as a guideline, since the scores depend not only on the difficulties (which we wan: to measure), but also on the attained knowledge. Similarly, the averages of scores zik across the topics may provide some information about the distribution of students' abilities. Here again, however, the data are confounded by the attainment levels, which cannot be separated from abilities.
It remains to outline the method of assessing the values \Jf the remaining parameters, namely the scaling values y, h, ,Q and J?, as well as the vector of (Ye 's, and the parameters of the distribution of the teacher's talents and the student's abilities.
Here the idea is to use the knowledge of learning rates, either known from instructors' experience or acquired from carefully designed esperiments.
Suppose that the difficulties Dk and coefficients c,~ have already been chosen, and the values Nk are known. The scaling of Dk and c,~ is, as mentioned, arbitrary (e.g. one may assign Dk = 100 to the most difficult topic, and smaller values to the remaining topics, so as to express the ratios of difficulty).
Suppose now that we take an average student's ability and an average teacher's talent to be 100 (say). To determine the values of a and y imagine that an average student taught by an average teacher acquired about one-half of the possible knowledge of previous topics, and that at time f he starts to learn a new topic with difficulty Dk, We have therefore Xj(?)-N'/2 for j<k, hence Q=O and s&)=0.
The enlightenment intensity for the kth topic is therefore, using (3):
A/( = CYNk -lpox 100; YDk hence, the average time until the first enlightenment in the kth topic is 1 I AA. If w now find (e.g. from some experiment or from the instructor's esperience) that an average student, taught by an average teacher, with average knowledge of previous topics, should have his first instance of understanding tire topic of difficulty Dn after, say, 20 minutes of learning, then l/& = 0.33 (hours), which gives an assessment Of the ratio a/y=0.33 lO'Nkj/Dk. Suppose now that the samle student, at some later time, acquired about one-half of the knowledge of the kth topic, while it is still being taught. His learning rate is now fastest, and we can expect, say, the average time between enlightenments to be only 10 minutes (i.e. about six 'graqings' of the material per hour of learning). We have now
and, taking l/Ak = l/6, we obtain a second equation for a and y.
After choosing a and y from the knowledge of average times to enlightenments for an average student with average previous knowledge, we can assess h by considering how much improvement is gained by previous knowledge. Thus, sui~pose that we have two students, with the same abilities, taught by the same teacher, one with the average knowledge of past topics (so that A-, (t) is about A', /2 for all pat;%? topics), and the other with a 'good' knowledge, say _\;(t) = 0.7SN,. The value Q for 28-t
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the first student is 0, and for the second it may be computed knowing the constants c,~ + If the rate of enlightenments of the first student is A, that of the second is Ae"V, so t'hat ratio of the rates, and hence the ratio of average inter-enlightenment times, is CY 1 Similar reasonings, only concerning average enlightenment times in past topics, may lead to assessment of the conctants e and /3.
Finally, an assessment of the parameters of the distribution of teachers' talents and students' abilities may be obtained by considering the amounts of variability of Iear. ning results (known from experience; as the means are set at the value 100, only one parameter needs to be determined for each of these distributions).
Simulalion
Using Theorems 1 and 2, we may devise a computer simulation program that might allow us to find empirically the optimal allocation of teaching times to topics.
The flowchart (Fig. 1, pp . 287-288) concerns only the process of enlightenments (not the final exam), for given values of the student's ability and the teacher's talent. The symbol C stands for a random number sampled from the uniform distribution on JO, I).
The question arises as to what extent one can expect to obtain practically meaningful results by simulation, in view of the fact that the input parameters are assessed with some dose of subjectivity.
First, the estimates obtained from 'educated guesses' by experienced instructors yiefid a plausible range of parameter values. In other words, one may believe that hypothetical experiments would provide estimates of parameters that lie within the obtained range.
A simple sensitivity analysis will provide data about how much the results depend on errors in assessment of particular values of parameters.
Secondly, even if some of the parameters remain empirically inaccessible, the simulation performed for various plausible combinations of parameters could provide information relevant for time allocation-For instance, common sense suggests that more difficult topics should be allocated more time (other conditions being equal). It is not clear, however, whether a topic that *is twice as difficult should be allocated twice as much time, or the relationship here is not of the direct proportionality. Here one could collect simulated teaching effects under various time allocations, and for various plausible combinariows of parameters. Any feature that WW.I~IZS invarianf under variation of para meters may then be taken as a law, applicable in practice, even in situations when the parameters are unknown.
Of' particular interest here will be to analyse optimal allocation of teaching times in its relation to:
varying difficulties of topics; varying amounts of material in topics (i.e. different maximal numbers of enlightenments Nk); variability in students' abilities (e.g. screening or selection of students will tend to decrease such variability).
Commenls
The paper presents not only an economical way 10 strklctklre 3 cilrri~~lil~rn fcj) educational purposes, but prharily a way to study a \ery zmnples cJuc;\tic>ij;il i'rt>-cess, allowing for controlled changes of content and also for time allocatc~ tc> topics. This method may be valuable both in unification and individualization of education, in the case of normal, mentally retarded, or especially talented pupil\_ One could also consider introducing a modern type it' curriculum u hi& ,~om-bines, in various degrees, traditional and computer instruction. In the near future.\, because of the development of educational software, the latter may contain prr)grt'+ sively more elements of self-teaching combined with special systems of cognit i\ 5 ;III~~ social rewards by the instructor or the group. Such flesiblle education systems ditty known properties, where the teacher's role would consist more in ch:m:;ing ;~nr;t QI~-plying the educational means (as produced by educational centers), d::\.eIopiug 11~~ motivational aspects of students, and esplaning more difficult material, \~u~ld allow an increase in the educational and social role of especially talented instruct Or\ at all levels, and also it would allow the test of education to be Icwered. .A shit't in responsibility toward student-centered education would have a stimulating effect cm developing initiatives in extramural education, suppurring the curriculum.
It appears that in the future the comprehensive studies of the educational prucesses will play an increasingly important role; in particular, this will mnmrn the optimizing properties, as regards the temporal allocation of tasks (topics). logiz;~l and formal structures of curriculi, and the interdependance of topics.
Theapproach suggested abondons the traditional sequential treatment in learning; it introduces a new interpretation and model of the phenomenon of learning Aizh takes into account not only the discrete increments of knowledge and understandins that appear during learning, but also increments of knowledge and understanding of the material that already has been covered and mastered to some degree. This complicated process of an increase in knowledge is modelled by taking into ;ac'c'ount the logical and content-dependent relations between units of the curriculum, an.d their varying levels of difficulty. The increments in understanding the materiJ actually taught, as well as that which has been taught before, a1.e treated in the model as a certain multidinxnsional stochastic process, whose parameters diikr for I various students and also for various teachers (or software). This ne\\ \\a\' ot treating learning as a process with returning, reinterpretation and improvements ot understanding of old topics during the study of subsequent ones, ma? by its&f wnstitute a starting point for the construction of new types of measurement ot' thr: quality of learning, and also for the construction of curricula and the study of their properties. The model suggests the importance of returns and ne\v interprecarkm o?f previous material in educational process, and abandoning the purely wqumiJ ways of thinking about structuring curricula. Perhaps, especially for less talented children, the returns to prekious unit:; in the curriculum may elicit awareness and also increase the level of understand.ing. lt appears that the less able and unintellligent the student, the morf often it is neixssar! to return and restructure the previous units of the curriculum. This is especial& im- As emphasized above, the responsibility for study should, whenever possible, be shifted towards the student. The aim of an educational system should, to a large extent, be to supply interesting, cognitively valuable, and ethically sensitive curricula, with reasonably embedded self-teaching programs. At the same time it should preserve the initiating, motivating and controlling role of the teacher. The latter should elicit critical and anti-stereotypic thinking.
For especially talented children, one should encourage the self-rewarding development of interests and cognitive search, rather than through competition and threat of loss of future economic position, job, etc.
The approach suggested does not lead to overly rigid and stereotype curricula: the point is to supply curricula with some known properties, but which are also flexible (with possibilities of transformations, additions, and open slots for innovations and discussions). This will probably require some special training for teachers on how to stimulate the interaction between student and computer.
To suklls up, special attention must be devoted to designing software in education. It may be necessary to create a federal institution which would produce such software, Idesigned by qualified psychologists and educationists. It is equally important that thle use of self-teaching methods and other technical innovations be supervised and have a group character, since it is the school that has to teach also intellectual cooperation and social behaviour -ethical and noble patterns of behaviour, namely reliability, righteousness, reflexive attitude towards himself and others in work and in emotional relations. Learning of ethical behaviour and philosophical reflexions on any of educational levels should be particularly encouraged, in view of anti-stress role of such knowledge.
